Abstract. This paper studies the homotopy type of the configuration spaces F n (X) by introducing the idea of configuration spaces of maps. For every map f : X → Y , the configuration space F n (f ) is the space of configurations in X that have distinct images in Y . We show that the natural maps F n (X) ← F n (f ) → F n (Y ) are homotopy equivalences when f is a proper cell-like map between d-manifolds. We also show that the best approximation to X → F n (X) by a homotopy invariant functor is given by the n-fold product map.
Introduction
The space of ordered configurations of n points in X is defined to be the space F n (X) = {(x 1 , ..., x n ) ∈ X n |x i = x j if i = j} ⊂ X n . The homotopy theory of configuration spaces has been studied extensively in connection with iterated loop spaces [18] and mapping spaces in general [3] . For such purposes, it is necessary to "stabilise" with respect to n, i.e., to consider the space of all configurations of points in X. In the present note, we will be concerned with the study of the homotopy type of the configuration spaces from the "unstable" point of view.
First, it can be easily seen that the homotopy type of F n (X) is not an invariant of the homotopy type of X. This naturally leads to the question of what is the best approximation to the correspondence X → F n (X) by a homotopy invariant functor. In Section 2, we show that such a homotopical approximation exists and that it is given by the n-fold product functor X → X n . The question of the homotopy invariance of the ordered configuration spaces F n (X) becomes more interesting when one restricts to closed manifolds. Levitt [13] showed that the homotopy type of the loop space ΩF n (M ) of the configuration space of a closed smooth manifold M depends only on the homotopy type of M . Aouina and Klein [1] showed that the homotopy type of a certain iterated suspension of the configuration space F n (M ) of a closed PL manifold M is also an invariant of the homotopy type of M . Moreover, an explicit sufficient number of suspensions is given depending on n, the dimension of M and the connectivity of M . Both results may be viewed as evidence that the configuration spaces are homotopy invariant, an assertion that was nevertheless disproved by Longoni and Salvatore [14] . Longoni and Salvatore [14] discovered an example of a pair of homotopy equivalent lens spaces whose configuration spaces are not homotopy equivalent. The nature of the counterexample naturally suggests the question of whether the configuration spaces of closed manifolds are simple-homotopy invariant.
A major source of difficulty in problems related to configuration spaces (or, more generally, spaces of embeddings) arises from the lack of functoriality. This means that, given a map f : X → Y , there is no natural way of producing a map "F n (f ) : F n (X) → F n (Y )" unless f is injective. But injectivity is not a suitable property for homotopy-theoretic considerations. A quite drastic answer to this problem is to consider the relative configuration spaces
associated with a map f : X → Y , together with the natural zigzag of maps
In Section 3, we study the functoriality properties of these configuration spaces of maps. In Section 4, we give sufficient conditions for the maps in the zigzag diagram to be weak homotopy equivalences. More specifically, we show that this is always the case when f is a proper cell-like map between topological manifolds of the same dimension.
Terminology. The term space will always refer to a compactly generated topological space. The term manifold will always refer to a connected topological manifold without boundary.
The homotopical approximation to
Let T op denote the category of compactly generated spaces and continuous maps, and let T op < be the subcategory of injective continuous maps. Consider the functor F n : T op < → T op that is defined on objects by sending a space X to the space of configurations F n (X). It is easy to see that F n does not preserve the weak homotopy equivalences. For a trivial example that shows how badly this fails, note that for n > 1, F n (R 2 ) is always connected and has a non-trivial fundamental group, but F n (R) is not connected and its components are contractible.
A homotopical approximation to F n is a pair (G, η) where G : T op → T op is a functor that preserves the weak homotopy equivalences, together with a natural transformation η : F n → G of functors from T op < to T op, such that for every other such pair (G , η ) there is a natural transformation up to homotopy γ : G → G that is unique up to homotopy and η γ • η. The homotopical approximation can be thought of as the total right derived functor of F n up to the peculiarity of the domain of definition of F n . Furthermore, it is clear that a homotopical approximation, if it exists, is unique up to a canonical homotopy equivalence.
A homotopical approximation to F n exists, and it is given by the n-fold product functor X → X n . The proof of this assertion rests on the following trick.
Lemma 2.1. For every space X and n 1, there is a homotopy equivalence
, and a projection p :
Let n denote the discrete space with n points. 
Theorem 2.2. The n-fold product functor Map(n, −) : T op → T op is the homotopical approximation to F n .
Proof. The functor Map(n, −) is homotopy invariant, and there are natural inclusion maps η X : F n (X) → X n for every space X. Therefore it suffices to show that the universal property is satisfied. Let (G, η ) be another pair with these properties. For every X, the inclusion i X : X → X × S ∞ is a homotopy equivalence, and the projection p X is a homotopy inverse. Thus the map
is a homotopy equivalence, and there is a natural choice G(p X ) of a homotopy inverse. By Lemma 2.1, there is a homotopy equivalence
Furthermore, this map is natural up to homotopy. Let f : X → Y and M f be the mapping cylinder. Then there is a diagram
that commutes up to homotopy, and the "wrong"-way vertical arrow is a homotopy equivalence. Finally, the map γ X : X n → G(X) is unique up to homotopy because for every other such map δ X :
that commutes up to homotopy and the vertical composites are identities.
Configuration spaces of maps
Definition 3.1. Let f : X → Y be a map and n 1. The configuration space
There is a map f : F n (f ) → F n (Y ) that takes a configuration of points in X to its image in Y . In fact, F n (f ) is exactly the largest open subspace of F n (X) for which this map is well-defined. Note that for any injective map f : X → Y , we have F n (f ) = F n (X), and in particular, F n (X) = F n (1 X ).
For every space Z, there is a functor
). Recall that the objects of the category T op ↓ Z are the pairs (X, f ) where X is a space and f : X → Z is a map, and a morphism from (X, f ) to (Y, g) is given by a map u : X → Y such that f = gu.
Proposition 3.1. There is an adjunction
Moreover, the functor F n is topological, i.e. for any f, g ∈ T op ↓ Z the map
is continuous.
Conversely, a morphism u :
Clearly, θ and φ define a pair of natural inverse bijections
and therefore T n is left adjoint to
The adjunction is compatible with the homotopy theories of the associated categories in a sense that comes from the theory of model categories [10] . A morphism u : (X, f ) → (Y, g) in T op ↓ Z is called a weak equivalence (resp. fibration) if the corresponding map u : X → Y is a weak homotopy equivalence (resp. Serre fibration). These classes of morphisms define a model structure on T op ↓ Z (see [9, Theorem 7.6 .5] and [10, Theorem 2.4.25]). The cofibrations are exactly the maps that have the left lifting property with respect to every map that is a fibration and a weak equivalence. A morphism which is both a (co)fibration and a weak equivalence is called a trivial (co)fibration.
Proposition 3.2. The adjunction T n : T op ↓ F n (Z)
T op ↓ Z : F n is a Quillen adjunction of model categories.
Proof. The classes of cofibrations and trivial cofibrations are clearly closed under coproducts. Therefore T n is a left Quillen functor. It follows that F n preserves fibrations and trivial fibrations. If p : E → B is a trivial fibration, then F n (p) → F n (B) is also a trivial fibration, so in particular, a weak homotopy equivalence. Also, if f : X → Z is a map and p : M f → Z is the usual deformation retraction from the mapping cylinder of f onto Z, then the inclusion i : Z → M f is a homotopy equivalence over Z. Hence i :
is a homotopy equivalence with homotopy inverse p :
Given a map f : X → Z, the homotopy type of F n (f ) may differ dramatically from that of F n (X) or F n (Z). Moreover, the homotopy type of F n (f ) is not an invariant of the homotopy class of the map f . We will be interested in a class of maps f for which the map f : F n (f ) → F n (Z) and the inclusion F n (f ) → F n (X) are weak homotopy equivalences.
Configuration spaces of manifolds
Let M be a topological d-dimensional manifold. For every n 1, the projection F n+1 (M ) → F n (M ) of the first n coordinates is a fiber bundle whose fiber at [8] . Following [13] , we write M −n for the manifold M with n distinct points removed. The homeomorphism type of M −n is independent of the choice of n points. Moreover, if f : M → N is a homotopy equivalence between d-dimensional manifolds, then there is a homotopy equivalence
commute up to homotopy. In detail, this can be seen as follows: first, since M −n = (M −(n−1) ) −1 , it suffices to consider only the case n = 1. There are cofiber sequences 
Proof. Consider the commutative diagram
and let X n denote the homotopy fiber of F n+1 (f ) → F n (f ). There are natural unique maps up to homotopy s n : X n → M −n and t n : X n → N −n . The map t n is given by the top row of the diagram
where f −n is a homotopy equivalence that makes the square commute up to homotopy. Therefore the map s n is a homotopy equivalence if and only if t n is as well. If F n (f ) → F n (M ) is a homotopy equivalence for 1 n m, then s n : X n → M −n is a homotopy equivalence for 1 n m − 1. Therefore t n is also a homotopy equivalence for 1 n m − 1. By passing to the long exact sequences of homotopy groups and Whitehead's theorem, it follows inductively that F n (f ) → F n (N ) is a homotopy equivalence for all 1 n m. The converse statement is similar.
The assertion that the inclusions F n (f ) → F n (M ) are homotopy equivalences for all n 1 is very strong. It seems sensible to think that it should relate to the assertion that the point-preimages of f are homotopically trivial.
The concept of cellularity was introduced in the work of Brown [4] . Note that cellularity depends on the embedding of K rather than just K itself. The wider concept of a cell-like space was introduced by Lacher [11] . Cell-like maps have been studied by Lacher [12] . For a nice survey on the subject including a comprehensive bibliography, see [15] . Note that cell-like maps are necessarily surjective. They generalise the notion of simple (or contractible) maps. Recall that a PL map f : K → L between finite polyhedra is called simple if for every y ∈ L, the inverse image f −1 (y) is contractible. Every cell-like map between finite CW complexes is a simple-homotopy equivalence [5] , and therefore the class of cell-like maps provides one with a useful rule for detecting simple-homotopy equivalences (see also [6] ). In general, a simple-homotopy equivalence can be written as a zigzag of cell-like maps. See [7] for background in simple-homotopy theory. The following useful result is proved in [12] . Proof. The inverse image of a point (y 1 , · · · , y n ) ∈ F n (Y ) is a product of celllike spaces, and therefore it is also cell-like by [12, Theorem 1.5] . In order to show that f is proper, it suffices to show that every point (y 1 , · · · , y n ) ∈ F n (Y ) has a neighborhood whose inverse image has compact closure. We can find open neighborhoods U i in Y such that y i ∈ U i , U i is compact for all i and Proof. This follows immediately from Proposition 4.4 and Proposition 4.1. Remark 1. In the situation of the theorem, note that the projections F k+1 (f ) → F k (f ) are quasifibrations for all k. Furthermore, let E = {(m 1 , · · · , m k , n) ∈ F k (f ) × N |n = f (m j ) for all j} be the total space of the bundle over F k (f ) pulled back from F k+1 (N ) → F k (N ) along f : F k (f ) → F k (N ), and let g : F k+1 (f ) → E be the canonically induced map. Then g is a proper cell-like map.
The limit of a sequence of homeomorphisms between homeomorphic manifolds in the space of all continuous maps is always a cellular map. It turns out that the converse is also true. Proof. This was proved by Siebenmann [19] in all dimensions d = 4. The result in dimension 4 was proved by Quinn [17] . The low-dimensional cases d 3 were also studied earlier by Armentrout [2] , Youngs [20] and Roberts and Steenrod [16] . Proof. By Theorem 4.6, there is a homeomorphism h : M → N . It follows that F n (M ) and F n (N ) are homeomorphic. Note that F n (f ) is a submanifold of F n (M ) of the same dimension. Then, by Proposition 4.4 and Theorem 4.6, it follows that F n (f ) and F n (N ) are also homeomorphic.
